In this paper we assume a class system C N with a weak-focus on the origin. Then we show that there is a function
Introduction
Suppose that a system of class C N has a weak-focus on the origiṅ
where p j and q j are homogeneous of degree j. We show that there is a function F (x, y) of the form
where the coefficients F j are homogeneous of degree j and such thaṫ
with 2(M + 1) ≤ N .
The constants L k are called Lyapunov constants. We show that if a system is under the normal forṁ
and if Re(c 1 ) = · · · = Re(c l−1 ) = 0 and Re(c l ) = 0, then
Furthermore L l has the same sign as Re(c l ). This leads us to decide if a weak-focus is attractive or repulsive.
2 Existence of F (x, y) for a polynomial system
We consider the system in the form [6, 7] 
where p j and q j are homogeneous of degree j in a neighborhood of the origin. Here, the function F (x, y) is given by
where
Therefore, we find that
We know that
i.e.
Without loss of generality we can write D k as
. So, the idea is to choose the coefficients f k−j,j and the constants L k such that
We know that (for convenience) f k−j,j is coefficient even or odd of F k according to whether i is even or odd, i.e. when the degree is odd we can solve the system and find the f k−j,j . Now when the degree is even, it is necessary to choose L k such that the system L k (x 2 + y 2 ) k+1 be compatible.
We suppose that k is odd, therefore the requirement that D k = 0 is equivalent to the set of k + 1 linear equations k + 1 unknown
These can be decoupled on two sets of k+1 2 equations, then a set determine odd coefficients of F k and the other determines even coefficients of F k . But if k is even, the requirement
gives k + 1 linear equations and then equations are also decoupled on two sets of m + 1 equations for L 2m and m odd coefficients of F k and m equations for m + 1 even coefficients of F k . To obtain unique values for the coefficients of F k we must take an additional condition
Therefore even coefficients of F k are uniquely determined. Each iteration of which is to solve the two sets of linear equations for f k−j,j with i + j = k (k odd) and solve the two sets of linear equations for L k and f k−j,j with i + j = k (k even).
We can conclude that the coefficients f k−j,j of the polynomials F k are obtained grade by grade identifying terms in (2). Indeed we see that as
we have
Then by identifying terms we obtain
We see that the determinant of (4) is equal to 9, therefore there is a solution for f 3,0 , f 2,1 , f 1,2 and f 0,3 . Now for example, if we have By identifying terms we obtain
In this case the determinant of (5) is equal to 0. In general, we obtain a system of linear equations whose determinant is given by
When k is odd we have det(k) = (k!!) 2 = 0 where (2k + 1)!! = (2k + 1)(2k − 1) · · · 1. Otherwise, if k is even then we have det(k) = 0 and thus the
It is easy to show that the rank of the matrix (4) is equal to 4 and in general, if q = 2k then the rank of the associated matrix is 2k. If q = 2k + 1 (in the case of system (5)) we can verify that the rank is equal to 4. In general, the associated matrix has maximum rank k. Finally, we can conclude that if k is odd then det(k) is not singular and the f k−i,i are calculated. If k is even, the rank of the matrix is equal to 2q, then the associated matrix to the system and its augmented matrix have the same rank, therefore the coefficients of F k (unknown) are always calculated.
For this problem [8, 9] , we will look at the behavior of the L k when changes in the variables in the system in the normal form. First we writė
in real coordinateṡ
By previous section we have thaṫ
and as F = F 2 is solution of (7) we obtaiṅ
where we see that Re(c k ) = L k , k = 1, 2, . . . , l. Now, we will look at what happens with changes in linear and non-linear coordinates which preserves the form of the original system. These changes are linear changes in compositions and non-linear changes.
Linear changes are of the form
which multiply the Lyapunov constants L k by (x 2 + y 2 ) k+1 , then we have nonlinear changes
Now, for these changes we havė
therefore the Lyapunov constants are not preserved except in the case
With respect to this case, are preserved the order of the weak-focus and also the value of the first Lyapunov constant (nonzero).
Remark: We can say that the system has a weak-focus of order k if L 1 = L 2 = · · · = L k−1 = 0 and L k = 0. This focus is attractive if L k < 0 and repulsive if L k > 0.
Conclusion
In this paper, the authors studied the existence of a function F (x, y) under certain conditions for a class system C N ; the authors proposed coefficients of F j unknown and working grade by grade and with this we showed that we can find a solution of a linear system. In the same way the authors showed that under certain conditions the system in normal form decided whether a weak focus was attractive or repulsive and also their order.
